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A General Formulation for Librational Dynamics
of Spacecraft with Deploying Appendages

V. J. Modi* and A.M. Ibrahimf
University of British Columbia, Vancouver, Canada

This paper presents a general formulation for studying librational dynamics of a large class of spacecraft during
deployment of flexible members. It is applicable to a variety of missions ranging from deployment of antennas,
booms, and solar panels from a spacecraft to manufacturing of trusses for space platforms using the Space Shuttle.
The governing nonlinear, nonautonomous, and coupled equations of motion are extremely difficult to solve even
with the help of a computer, not to mention the cost involved. The equations are being so programmed on an
AMDAHL 470-V8 digital computer to help assess the effect of shifting center of mass, nonlmearities, change in
inertia of the central rigid body during deployment, number of admissible functions, etc., which complicate the
problem considerably. The formulation is ideally suited to help assess the effect of complex interactions between
flexibility, deployment, attitude dynamics, and stability for a large family of spacecraft for the present, as well as
the next, generation.
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= domains associated with rigid and flexible
components of satellite, Fig. 4

= orbit eccentricity
= unit vectors along f, 17, £ directions,

respectively
= center of mass of the Earth
= position vectors to mass elements of flexible

and rigid (i.e., undeployed) parts
of an appendage, respectively

= generalized force associated with the
generalized coordinate q

. = flexural rigidity
= angular momentum per unit mass of satellite
= angular momentum due to deploying and

vibrating appendages
= generalized coordinate associated with <J>m, \j/n

modes of free-free and fixed-free beams,
respectively, to represent plate type appendage
oscillations, Eq. (7)

= unit vectors along x9y9'z axes, respectively
=satellite inertia diadic
= instantaneous length of a deploying plate and

beam, respectively

= ( m > = direction cosines of the unit vector
I n ) along Rc with respect to jc, y9 z axes,

respectively
= total mass of satellite
= mass of the central rigid body of satellite
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Mb, Mp = mass of the flexible (deployed) part of beam
and plate type appendages, respectively

M/V Mp = mass of the rigid (undeployed) part of beam
and plate type appendages, respectively

Nh,Np = number of beam and plate type appendages,
respectively

Or = center of mass of the central rigid body
of satellite (excluding appendages)

Pi>Pr,i = position vectors, Fig. 5
PI> Qi = generalized coordinates associated with /th

mode of a fixed-free beam vibration, Eq. (8)
r = position vector of a mass element dM in any

domain with respect to -x9 y'9 z axes
fr = position vector to a mass element dMr of the
_ central rigid body with respect to xr9 yr, zr axes
R = position vector to a mass element dM of
_ satellite from the Earth's center
Rc = position vector from the Earth's center to the

instantaneous center of mass C
[ S ], [ T ] = transformation matrix defining rotation

between f, TJ, £ and x, y9 z axes, Eq. (3)
t =time
T = kinetic energy
u = vibrational displacement of a plate element
v, w = transverse displacement of a beam element

along f, TJ directions, respectively
= gravitational potential energy
== strain energy
= body coordinates with origin at C, Fig. 4

U
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:cr, yr9 zr = body coordinates associated with rigid parts
of beam, plate, and central satellite body,
respectively, Fig. 4

X, Y, Z = inertial coordinate system with origin at E
X0,Y0, Z0 = orbital coordinate system with origin at Q;

Y0 along local vertical, Z0 along local
horizontal, and X0 aligned with orbit normal

a> P> Y == pitch, yaw, and roll librational angles
£, 1), £ = local coordinates associated with a deploying

appendage, Fig. 4
6 = true anomaly, 6 = £2
\L£ = universal gravitational constant
^m* ^n = modes of free-free and fixed-free beams,

respectively
{ a)} = satellite angular velocity vector
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Superscripts, Subscripts, and Miscellaneous Symbols
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= vector
)/dt = time rate of change in inertial and reference

coordinate systems for vectorial quantity,
respectively

= matrix
= vector
= differential element
= quantity associated with flexible (deployed)

part of they th beam
= quantity associated with flexible (deployed)

part of the i th plate
( )£/ = quantities associated with rigid (undeployed)

parts of the j th beam and / th plate,
respectively

Introduction

IN the early stages of space exploration when spacecraft
tended to be small, mechanically simple, and essentially

inflexible, elastic deformations were relatively insignificant.
Numerous investigations involving active and passive stabili-
zation procedures and accounting for internal as well as
external forces have been carried out assuming satellites to be
rigid.1 However, in a modern space vehicle carrying lightweight
deployable members, which are inherently flexible, it is no
longer true. This aspect can be emphasized through several
illustrations: ^

1) Ever-increasing demand on power for operation of the
onboard instrumentation, scientific experiments, communica-
tions systems, etc., has been reflected in the size of the solar
panels. The Canada/USA Communications Technology Satel-
lite (CTS, Hermes) launched in January 1976 carried two solar
panels, 1.14 X 7.32 m each, to generate around 1.2 kW.

2) Use of the large members may be essential in some
missions. For example, the Radio Astronomy Explorer (RAE)
satellite used four 228.2-m antennas to detect low-frequency
signals.

3) For identifying extraterrestrial radio sources, the Applied
Physics Laboratory of the Johns Hopkins University once
proposed a gravitationally stabilized Tethered Orbiting Inter-
ferometer (TOI), consisting of two spacecraft connected by a
line 2 to 6 km long. In fact, NASA has shown considerable
interest in exploiting applications of the Space Shuttle-based
tethered subsatellite system extending to 100 km, and has
initiated preliminary studies through contracts to establish its
feasibility.

4) Preliminary configurations of the next generation of
satellites suggest a trend towards spacecraft with large flexible
members.

5) Space engineers are involved in assessing feasibility of
construction of gigantic space stations which cannot be
launched in their entirety from the Earth, but must be con-
structed in space through integration of modular subassem-
blies. The concept of Satellite Solar Power Station (SSPS) in
the geostationary orbit as proposed by Glaser2 and in-orbit
assembly of enormous orbiting stations3"6 such as the Space
Operations Center (SOC) suggest an increasing role of struct-
ural flexibility in their dynamical and control considerations
(Fig. 1).

This being the case, flexibility effects on satellite attitude
motion and its control have become a topic of considerable
investigation. Over the years, a large body of literature per-
taining to the various aspects of satellite system response,
stability, and control has evolved which has been reviewed
quite effectively in Refs. 7-13.

It should be emphasized that prediction of satellite attitude
motion is by no means a simple proposition, even if the
system is rigid. Flexible character of the appendages makes
the problem enormously complex. It is, therefore, understand-
able why transient behavior associated with the critical phase
of attitude acquisition and/or deployment-related maneuvers

Fig. 1 Artist's view of the Space Shuttle-based manufacture of struc-
tural components for construction of space platforms.

has received relatively little attention. On the other hand,
although the deployment effects are of a transient nature, they
may be felt over a long period of time as a result of relatively
small extension rates that are normally associated with large
appendages. The Space Shuttle-based tethered system men-
tioned before may take 6 to 8 hours to deploy and much
longer to retrieve/4

The complex character of the problem has led to analyses
which often involve simplifying assumptions. Lang and
Honeycutt15 as well as Cloutier16 studied the problem of
deployment dynamics representing an appendage by point
masses. On the other hand, there are several efforts reported in
the literature in which authors have treated flexible members
as rigid bodies.17"19 Cherchas and his associates20'21 as well as
Dow et al.22 did consider flexible membrane or beam type
appendages but with a specific configuration. Furthermore, the
appendages were considered to be uniform with a fixed
deployment velocity. More recently, Jankovic23 investigated
dynamics of the CTS solar panels during deployment and
correlated measured tip acceleration with the analytical pre-
diction. The librational dynamics of a body deploying two
plate type flexible members normal to the orbital plane was
studied by Ibrahim and Misra.24 The effect of deployment
velocities and plate properties on the librational response was
investigated. A rather general formulation for the class of
satellites with flexible deploying beam type appendages has
been presented by Lips and Modi.25"27 Interaction between
the libration dynamics, flexibility, and deployment was studied
and it was noted that instability may result under certain
combinations of system parameters.

Flexible character of the appendages renders the system
hybrid, i.e., the system is described in terms of discrete and
distributed coordinates. The resulting governing equations of
motion in general do not admit to any closed-form solution.
They are normally transformed into a set of ordinary differen-
tial equations using finite element, lumped parameter, or
assumed mode methods with generalized coordinates depend-
ing on time alone. Here an assumed mode discretization
procedure is favored, as the elastic appendage displacements
can be represented adequately using relatively few equations.
Hence displacement of a flexible member is described by a
linear combination of space-dependent admissible functions
multiplied by time-dependent generalized coordinates.

With this as background, the paper attempts to develop a
rather general formulation for a librating system deploying
flexible appendages with plate or beam type behavior. The
formulation for such a system with time-dependent inertia is
complicated by the shifting center of mass, changing central
rigid body inertia, offset of the appendage attachment point,
number of admissible functions, etc. It is proposed here to
formulate the problem in a manner that would enable a
systematic assessment of the influence of the parameters men-
tioned with a possibility of simplifying the equations at least



SEPT.-OCT. 1984 DYNAMICS OF SPACECRAFT WITH DEPLOYING APPENDAGES 565

for the configurations likely to be encountered in this decade.
Past experience with relatively simple nonlinear, nonautono-
mous, and coupled systems suggests that their solution, even
with the help of a computer, is quite demanding and exorbi-
tant in cost. Any realistic simplification of the problem is
indeed desirable.

The basic system is so complex that to check the validity of
the governing equations and associated program for their
integration presents a challenging task. The formulation thus
can serve as a comparative validating scheme in association
with other formulations when they become available. The
dynamic equations would also serve as a basis for assessing
the effect of environmental forces and development of control
strategies.

Essential features of the general formulation may be sum-
marized as follows:

1) Satellite of arbitrary geometry in a general orbit undergo-
ing three-axis librations;

2) Arbitrary number and orientation of beam and/or plate
type flexible appendages deploying independently at arbitrary
velocity and acceleration;

3) Appendage with variable mass density, flexural rigidity,
and cross-sectional area along its length;

4) Governing nonlinear equations, accounting for gravita-
tional effects, shifting center of mass, changing rigid body
inertia, and appendage offset, together with transverse oscilla-
tions;

5) Modified Eulerian rotations, so chosen as to make the
governing equations applicable to both spin-stabilized and
gravity gradient orientations;

6) Equations programmed in nonlinear as well as linearized
forms to permit the study of both large angle maneuvers and
nonlinear effects.

Spacecraft Model
Consider a satellite of mass M (Fig. 2) consisting of a

central rigid body deploying an arbitrary number of plate
and/or beam type flexible appendages in any given direction.
The satellite is free to negotiate a specified trajectory. Let the
position vector Rc and true anomaly 0 define the location of
the instantaneous center of mass C of the spacecraft with
respect to the inertial coordinate system X,Y, Z having its

Orbit

Fig. 3 Eulerian rotations showing roll (y), yaw (p), and pitch (a)
librations.

origin at the center of the Earth E. C0 represents location of
C without any vibrations or asymmetric deployment. An
orthogonal orbiting reference frame X0,Y09 Z0 with its origin
at C0 is so oriented that Y0 and Z0 are along the local vertical
and horizontal, respectively, while X0 is aligned with the orbit
normal. The body coordinates x,y,z with origin at C coin-
cide with the orbital coordinates Xa, Y0, Z0 in the absence of
any librations and vibrations.

The orientations of the body axes x9 y,z at any instant t
relative to the orbital coordinate frame X0,Y09Z0 can be
described by a set of modified Eulerian rotations as follows: y
(roll) about Z0 giving x',y',z'\ ft (yaw) about y' resulting in
x", y",z"\ and finally a (pitch) about x" yielding x,y,z
(Fig. 3). The angular velocity in the body coordinate system
can readily be written in terms of librational angles and
velocities as:

ux = « - y sin/? + ficos/teosy (la)

co^ = /Jcosa + y sinacos/J + £2 ( — cosasiny + sinasin/teosy )

coz = — /Jsina + ycosacos/2 + £2 (sinasiny + cosasin/teosy )

where £2 is the orbital angular velocity.
The spacecraft components of interest are schematically

sketched in Fig. 4. The rigid part of the spacecraft is repre-
sented by domain Dr and its mass by Mr. At an instant during
the deployment phase, the undeployed rigid parts of the ith
plate and the yth beam are represented by Dr

p
t and Dr

bj, and
their masses by Mfti and M^J9 respectively, with / =
1, 2, . . . , Np'9 y = l,2,. .'. , Nb. Here *Np and Nb are the number
of plate and beam type appendages, respectively, carried by
the satellite (for clarity, only one plate and one beam are
shown in Fig. 4). The flexible deployed domains with masses
Mf and Mf are denoted by Df and Df for the i th plate and
y'th beam, respectively. The total mass M of the satellite is
thus given by

Nn

or in a nondimensional form

(2a)

Fig. 2 Geometry of orbiting spacecraft with flexible deploying beam
and plate type appendages.

(2b)
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J th beam

Fig. 4 Domains associated with rigid and flexible components of
spacecraft and corresponding reference coordinate systems.

i th plate

Fig. 5 Schematic diagram showing position vectors to mass elements
in different domains.

where

and

Fixed to the center of masses of the rigid domains Dr,
and
and

yn zr\ xf, yf, z'f,are the local coordinate axes xr
yf, zf, which are parallel to the body axes x, y, z. At

any instant, orientation of a given plate (domain Df) with
respect to its nominal undeflected configuration is denoted by
a body-fixed coordinate system f/7, r/f , £f , (Fig. 4). Here rjf is
normal to the nominal plate plane, £f along the direction of
deployment, and £f normal to £f in the plane of the plate.
Similarly fj7, TJ* , £y define orientation of the beams.

The directions of the coordinate axes ff, t\f , £f , and
tf>rf'>£j are related to tne body axes x,y,z through .the
transformation

and (3)

respectively, where [7}] and [Sj] are direction cosine matrices.
Let f , gf, gb

j9 ff, and ff define the position of the
differential mass elements dMr9 dMfh d M b

j 9 d M f , and dMf
in domains Dn Dr

p
h Dr

b
j9 Df, and'/)/, respectively (Fig. 5).

Clearly,

(4a)

(4b)

(Ac)

(4d)

"gf-xf-i+yfj+zfk

gf-xfi+yfj+zfi

y^s the vibration displacement of the element dMf
and ~efi9 e£, and ej are unit vectors along £f',iif9£f axes,
respectively. Vj and w, are the components of vibrational
displacement of the element of mass dMf on the y'th beam,

and e\p e^p and e^- are unit vectors along ?/,^,|y axes,
respectively. Note that both the beam and plate appendages
are restricted to undergo transverse oscillations only, i.e., the
axial component of the deformation is taken to be negligible.

Because of the deployment of appendages and their vibra-
tions, the center of mass of the spacecraft, as well as its inertia
diadic, will be functions of time. The vector C keeps track of
the position of the instantaneous center of mass C relative to
point C0. By definition, position of the instantaneous center of
mass is given by,

?rdMr

+

(5)

Here, ̂ ~, pj,/5rj, and 5, define the locations of points O£i9
Of9 Of'.-, and O/, with respect to point <9r, respectively
(Fig. 5).'

The inertia diadic can be written as,

"i=i
-xy

-xy
— xz -yz

[?-?[E]-rr]dM

- — xz
-yz

x2+y2]
dM

(6)

where [E] is a unit matrix and r is the position vector of an
element dM relative to the instantaneous center of mass C.

It is convenient to represent the vibrational displacements
in terms of a set of admissible functions which can be some-
what arbitrary as long as they satisfy at least the geometric
boundary conditions. The exact modes of vibration of a
rectangular plate clamped at one side and free at the other
three sides are not known. Hence, u for a given plate was
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assumed to be of the form

m — ln — l

However, a beam type appendage is free to undergo transverse
oscillations v'9w in two orthogonal directions f and -ij, respec-
tively. They are represented by

where r f or different domains is defined as

1=1

and

/=/

Here i//n and <>m were chosen to be the characteristic functions
of a fixed-free and free-free beam, respectively, and are given
by

"^ (rigid body translation)

~ #V<0 (rigid body rotation)

Here d and I/ are the width and length, respectively, of the
plate type appendage under consideration and \m, \Ln are the
roots of the transcendental equations

and

1 •+ cosh \cosA. = 0

1 — cosh/ACos/i = 0

Note that qm and 8n are constants dependent on Xm and /in,
respectively, and #wm, P/.-, Q/y a1*6 the unknown generalized
coordinates associated with the vibration degrees of freedom.

Development of the Equations of Motion
In order to derive the equations of motion, expressions for

the kinetic and gravitational potential energy of the spacecraft
as well as the strain energy stored in the appendages were first
obtained. The kinetic energy of the system can be written as

2 (9)

where JR defines the position of a differential element of mass
dM with respect to the center of the Earth E. If f is the
position vector of the element with respect to the body coordi-
nate system x9 y9 z, fhen

(10)

f = - C - Q.+ fr

^ -~C-C0 + pr + gp

= -C-C0 + Br + gb

= - C - C0 +p +fp

= -C-C0 + B+fb;

Dr domain
Dr

p domain
^domain
Dp domain
Db domain

Differentiating Eq. (10) with respect to time

(11)

Substituting Eq. (11) into Eq. (9) and noting that C is the
center of mass of the system

f \L^L &L &L i- -\\
"JJ.2 dt' dt* dt'^Xr)\

,,,dM (12)

It may be noted that for the rigid parts ?*=-£. For a mass
elemenj, in. the flexible plate f = —S+fp, and for the beam

-f = - C +fb are obtained through differentiation of Eqs. (4d)
and (4e), respectively

dt

where Lp is the deployment rate of the plate and Lb of the
beam type appendage. Note the convective components asso-
ciated with deployment rates. Deformation velocity compo-
nents for a mass element on a plate or a beam can be obtained
from Eqs. (7) and (8) as

m=l n=l

Note that now \f/n is a function of both £ and L.

1=1
Note, the second term in each of the above equations arises
because tyn depends on the time-dependent length of the
deploying appendages. Substitution of the above relations in
Eq. (12), followed by some algebraic manipulations, leads to

(13)

where TOTb- Kinetic Energy (KE) due to orbital motion;
Tyib = KE component due to pure vibration; i{ w }T[I]{ co } =
KE due to pure rotation; [u}T{H} = KE due to coupling
between vibmtionaj and rotational modes; (w} = angular
velocity vector; {#} = angular momentum with respect to
body frame due to deploying and vibrating appendages; and
[7] = time-dependent inertia matrix.
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The gravitational potential energy of the satellite can be This can be written in a compact matrix form as
written as

V={q}T[V]{q}

where {.q} represents generalized coordinates associated with
the vibration degrees of freedom,

-(/ie/JO-0*^^^

I2Z(1 -3n2) + 6(lmlxy + mnlyz + nllzx)\

Here the first term represents potential energy due to the
satellite treated as a point mass and the rest of the expression
is the contribution due to its rotation.

The strain energy stored in the appendages during their
vibration is given by

*b

where

J 2J*J

n~>d'v,

here G£t and vt are the flexural rigidity and Poisson's ratio,
respectively, of the ith plate while G$tj and G*tJ represent the
flexural rigidity of the ith beam in tf and ifi directions,
respectively. Thus, the total strain energy expression becomes

j NP I 00 00 I \4 n4 \

v-L
2 I cd E I-HL 7% + 7^77 W
2,-i. •.[„.,,-! \(Lf)4 ( d P ) 4 }

00 00 00 00

E E t HmniHrsi

',;?,£,£, Lfdf

and [V] is a symmetric matrix of vibration modes used to
represent flexufal deformations of the flexible appendages.

Using the Lagrangian procedure the governing equations of
motion can now be obtained from,

d ldT\ dT d(U+V) _
dt\dqj dq^ dq . «

where

hence the satellite dynamics is simulated by a system of q
second order ordinary differential equations where

The librational motion of the system and the vibrations of
the appendages normally have very little effect on the orbital
motion unless the system dimensions become comparable to
the position vector Rc. Hence, for most studies, the orbit can
be computed using the classical Keplerian relations

where h is ,the angular momentum per unit mass of the
satellite and e the eccentricity of the orbit. The equations of
motion in the libration degrees of freedom are

j=l 1=1

where J ^ f , j£s, J^r, and J^r are constants given by

The equations of motion in the vibrational degrees of freedom
can now be written as
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The number of equations representing vibrational motion
would depend on the number of modes used

N = number of vibrational equations

Computational Considerations
The governing nonlinear, nonautonomous, and coupled

equations of motion are extremely difficult to solve even with
the help of a computer, not to mention the cost involved. They
are being programmed for numerical integration using an
AMDAHL 470- V8 digital computer. The integration routine
(GEARB-I.M.S.L.) is based on the implicit Adams' method
with built-in error control; The main objective is to assess the
effect of flexibility and deployment on the attitude dynamics
and stability of satellites and space stations.

The dynamics of the system is represented by q second-order
differential equations corresponding to three librational and
q— 3 vibrational degrees of freedom, depending upon the
number of appendages and admissible functions used. Using
the conventional procedure, the equations are transferred into
27V first-order equations where all degrees of freedom are
solved for simultaneously as an initial value problem. For the
procedure to succeed, it is necessary to use the latest available
data while updating derivatives.

Organization of the computer program is centered on a
series of subroutines. A main program directs the integration
process, calling the system-supplied routines as desired, and
provides the needed input/output services. The integration
package requires a routine (SYSTM) to define the system
dynamics in terms of explicit expressions for the first-order
derivative of the state vector. The governing equations are
employed directly in SYSTM in two distinct stages to deal
with the librational and vibrational contributions. At every
stage the modular approach is adopted to permit assessment
of the contribution of the shifting center of mass, changes in
rigid body inertia, deployment rates, flexibility, and nonlinear-
ities.

The three-axis program is so organized as to accommodate
an arbitrary number of assumed modes and appendages. Even
a two-mode representation and six beam type appendages
would result in a system of 54 first-order equations. Modal
integration coefficients are determined independently by
numerical quadrature. Where possible, these integrals are
evaluated analytically as well. Integrations involving small
appendage lengths are expected to be particularly time-con-
suming as observed by Misra and Modi.14 To cope with the
relatively small step size demanded by the high frequency
oscillations, a two-stage integration procedure is established,
thus allowing for a complete change in such parameters once
during the course of the integration. The program is coded in
FORTRAN using double precision variables throughout.

Concluding Remarks
The paper presents a rather general formulation aimed at

studying librational dynamics, stability, and control of a rela-
tively large class of spacecraft during deployment of flexible
appendages. The governing nonlinear, nonautonomous, and
coupled equations are being programmed in a modular fash-
ion to help isolate and evaluate effects of the shifting center of
mass, appendage offset, changes in central rigid body inertia
during deployment, etc., which complicate the equations con-
siderably. This promises. to simplify the equations for a large
number of satellites currently being designed with a substan-
tial saving in the computational cost. Studies aimed at related
situations such as unfolding of accordion type solar panels,
reorientation of an orbiting telescope or onboard armament,
construction of space platforms, tethered rescue operations,
disposal of nuclear waste, etc., would follow a similar ap-
proach.
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